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0. Introduction

Recently, the relevance of global features in quantum field
theory has been much emphasizéd. These properties, which in
perturbation theory at most reflect themselves in germinal form ,
are accessible by global differential geometric and topological
methods and are of crucial importance even for the qualitative
behaviour of the gquantum system.

Much work has been done on the topological and, for gauge fields,
also on the differential geometric classification D of the
stationary configurations of the classical action, which are
suéposed to contain interesting information about the affiliated
guantum field theory.

Here we shall concentrate on a different guestion, namely on the

spectrum of fluctuations about a stationary point of a Euclidean

action. This problem arises immediately, already to lowest order in
Planck's constant i, if one tries to guantize a clagssical field
theory. In mathematical terms it corresponds to the determination
of the eigenvalues of an elliptic differential operator. It is
known that this eigenvalue distribution reflects fundamental
topological and also metrical features of the underlying system.
For instance the area, boundary length and number of holes of a
swinging membrane can be obtained from the spectrum of its
oscillations, it is, indeed, largely possible to "hear the shape of

a drum" 2). The metrical and topological properties of the spectrum




of guantum fluctuations are of immediate physical relevance.~A:

beautiful example is provided by the Casimir effect 3), an
attraction between two uncharged conducting plates, which is du

the topological modification of the vacuum fluctuations as compa

to the vacuum without plates. Closely related 4)5) to this is th

trace anomaly, a quantum effect for the energy momentum tensor
which depends on both topological and metric invariants, namely
Euler characteristic and certain integral curvatures.

6)

The Atiyah-Singer theorem states that a very special speét
feature, the difference between the number of zero modes of an
elliptic operator and its adjoint, the so-called index of the
operator has a purely topological meaning and is related to the

(differential) topology of the underlying base (space-time) manif

On the other hand, the index can be shown to be related to
the anomaly of an associated current, so that current anomalies
turn out to have topological significance.

The connecting link between the metrical and topological prope
ties of a system and the spectrum of an elliptic operator D is tk
asymptotic expansion of the heat transport kernel of the operator
D*D and b D¥ 8),which, on the physical side is closely related to
certain renormalization schemes like .analytic renormalization

9)5) 19), ; ~function renormalization )8)10)

and Schwinger's proper time formalisms). ;
In this work we shall mainly deal with physical applications o
the Atiyah-Singer index theorem. The difficulty in the presentatic
lies in the fact that most of the mathematical notions employed
like manifolds 11), bundles [y 1?),'characteristic classes 13) 6)

cohomology etc., although intuitive and directly interpretable in

point splitting

physical terms are not so well-known to physicists, and that a
reasonably complete description of these notions would lead to an
unbalance of the mathematical and physical part of this work.

We try to cope with this difficulty by simply referring to the
available good literature for the notions of manifolds ) and
11HZ)and by explaining the contents of the Atiyahf
Singer theorem 6) in as non-technical a way as possible, trying to
exhibit the essential ideas without striving for compléteness and

full rigor and not even attempting to describe a proof of the

fibre bundles

theorem.
The organisation of this work is as follows:
In chapter one we state and explain the contents of the Atiyah-




Singer theorem.

Chapter two contains a description of the heat transport formalism
which is vital for understanding the connection between spectral and
metrical topological properties and links up with renormalization
theory.

In chapter three, as an jmmediate application of the index theorem,
the dimension of the space of non gauge eguivalent fluctuations
about a self dual instanton configuration is evaluated 14 - 18).

This leads to a determination of the number of parameters of instan?
ton solutions of yang -Mills' equations for gauge fields an arbitrary

compact four dimensional orientable Euclidean space-time manifolds

with arbitrary simple gauge group.
Chapter four contains a description of the relationship 7 between

current anomalies and index theorem for a large class of anomalous
currents, thus establishing the topological significance of current
anomalies.

This general insight is applied in chapter five to evaluate the
gravitational part of the axial anomaly as well as the Yang Mills
part for fermion fields of spin 1/2 19) 4na also spin 3/2 10)
(supergravity). In addition new anomalous currents are constructed
19), whose anomalies are related to the Euler characteristic and
the signature of Euclidean space time. )
Finally chapter six deals with noncompact space time manifolds.

20) contains a

The generalized Atiyah-Singer theorem for this case
peculiar non—local boundary term, which helps to resolve a puzzle
21)22)'about apparently fractional winding numbers. The index in

22) and

gravitational pbackground fields is evaluated for spin 1/2
spin 3/2 23). The index theorem is a powerful tool for calculating
the additional boundary contribution. The case of spin 3/2 turns out
to be particularly interesting because only there the index is

nonvanishing, making chirality losses by vacuum tunnelling possible.

For the reader's convenience some essentials about de Rham cohomology.
characteristic classes and formal splitting methods are collected

in two short appendices.

1. The Atiyah-Singer Index Theorem

In this section we shall briefly explain the content and the meaning
6)
14

of the fundamental index theorem of Atiyah and Singer a theorem

on elliptic operators between complex vector bundles over a compact
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manifold. For all notions of manifolds and vector bundles we refer
to the abundant literature 1112) on these subjects.

Let E and F be complex vector bundles over a manifold M. The
sets of sections of E and F will be denoted by [ (E) and T (F)
respectively. For physical situations M can be interpreted e.g. as
a Euclidean space-time manifold and the sections in [*(E) and I'(F)
as suitable vector fields (spinors, isospinors etc...)

A differential operator D from E to F (written E—]—)——;» F) is by
definition a linear mapping

p: T'(E) —> '(®) ,
which in terms of local coordinates in M and the fibres of E and F

assumes the form

(Dwuxv); = Z CL

with i £ dim F,

the fibre dimensions of E and F.
The summation on the right hand side of eq. (1.1) runs over the

multiindex

(oc1,...,o<n)7

X+ Xy

The finite natural number m is called the order of the differential
operator D. It does not depend on the coordinates chosen. To the
operator D we associate a symbol 6 by taking the "leading part"
of the operator and substituting the derivatives ::;x by monomials

el SRS
( , ~ Qo( (x [ (1.2)
Gfb X-S i‘._.\ = E ‘ ‘:\i 3 .

Xl=m

The elements Gb(x, 3 )ij define a dim F x dim E matrix. (It is easy
to show that the symbol defines a vector bundle homomorphism

GZD : T¥E —> T¥F, where T is the projection T: T'M—> M
of the cotangent bundle over M onto M).

The operator D is called elliptic, if the matrix {;(x, 3) is
invertible for 3 # 0. a o ot

. . 3
r { = + -+
For instance,the Laplace operator on IR, A 2P Bk <Z




m

2 2
has a symbol G, (x,¢) = I Si ( one by one matrix} and is
A SEC R

. 4
s t — - =
elliptic, whereas the d'Alembert operator oniR", O= < A " Qﬁ”

2 2 2 %
with symbol Sy =8,-§ - %2~ 33 is not elliptic.
We now define the kernel of D as the space of "zero modes” of D:

BerD = {ve ey ! Dy = o} (1.3)

the image of D
Lm‘D:gwef‘(F)lB‘eeY‘(E) w=Dw ] (1.4)

the set of sections in M(r) of the form pv with v € T (E) and the

cokernel of D:

colber D = T(FYiwD (1.5)
the quotient space of M (F) moduloc imD.
of functional analysis 6)24) that ker D

For compact M it is a fact
and coker D are finite dimensional.
Hence, the (analytic) index of the elliptic operator can be

defined:
ind D = dim ker D - dim coker D . (1.6)

Equivalently one can consider the adjoint p* of D with respect to

any hermitean metric in the fibres and define

ind D = dim ker D - dim ker p* . (1.6a)

e Atiyah-Singer index theorem 6) is now,
defined by the number of

The amazing statement of th

that this apparently analytic quantity,
tain linear partial differential equations actually
+ can also be obtained by

13) which depends on the

solutions of cer
turns out to have a topological meaning. I
evaluating a certain characteristic class

operator D and on the tangent bundle ™ of M.
this place to give a full description of the

It is not possible at

concept of characteristic classes of (vector) bundles. Some essentials

will be given in appendix IT. Here we only mention that for a vector

bundle E over a manifold M a characteristic class :ﬁ(E) is a
cohomology class on M, which gives us information about the degree

of nontriviality of the bundle E. For trivial E j:(E) is trivial,




a nontrivial )C(E) implies nontriviality of E. The characteristic
classes we shall need later on are furthermore representable 25) as
closed differential forms which are polynomials in the curvature
guantities of the bundle E, obtained by introducing some linear
connection on E, in concrete cases polynomials in the Yang -Mills
field strength and the Riemannian curvature tensor.

Tn the cases we are going to consider the Atiyah Singer theorem
assumes the following form:

Let E and F be complex vector bundles over a compact n-dimensional

manifold M (without boundary). Let E-—Q—+ F be an elliptic operator

then

% (aot ol E - cluF

td (TMe CYIM] (1.7)
e(Tm™M)

ind D= 1

To arrive at this simple form we have assumed that D has, what is

called a universal interpretation 6) which roughly corresponds to the

physical statement that ‘the operator can be defined by itself
without reference to its concrete realization on the manifold M and
the bundles E and F. The Dirac operator is an example of this kind
of universality.

On the right hand side of eq. (1.7) ch E, ch F, e(TM), td(TM®C)
are the Chern characters of E and F, the Euler class of the tangent
bundle TM and the Todd class of thecomplexified tangent bundle TM®C.
They are all to be understood as closed differential forms of even
degree which in turn are polynomials in the Yang Mills field strengths
or the Riemannian curvature. The division by e{TM) can really be
performed, and the result is a closed differential form on M, not
homogeneous in its degree. The symbol [M] indicates that one has to
extract the part of degree n = dim M and integrate it over the
compact manifold M to cbtain ind D.

Altogether ind D is obtained as the integral over a well defined
polynomial in the curvature quantities of the bundles which appear in
the problem. More precise definitions and details will be given in
appendix II, where it will also be shown how the polynomial in the
curvature gquantities can readily be obtained from the theory of the
characteristic classes. In the next section we shall also indicate
a direct but laborious way of calculating the polynomial for a given
operator.

Some remarks may be appropriate:

a) Trivially, for self-adjoint operators the index vanishes.

b) From (1.7) it is evident that in the cases considered the
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does not depend on the operator but only on the bundles involved and,
of course on the nontrivial fact that there is an elliptic operator
connecting the two bundles E and F. (This reguires for instance
dim E = dim F.) .
¢) There is a useful apparent generalization of the A.S. theorem,
which on close inspection turns out to be eguivalent to the original
formulation, but which is nevertheless worthwhile to formulate:

Take a finite sequence of complex bundles over a compact manifold

and of differential operators

D..‘ Do DI Dz D\.x-l Dk
0—>E —E—E,—>....... —E —o0 . (1.8
This sequence is called an elliptic complex, if DiDi—1 = 0 and if
the sequence of symbols 65015 exact, i.e.
*
m Gy = RersT for all i . (1.9)
Diﬂ by
In this case the spaces
H. = Ber D, /im Dy, (1.10)
L

have finite dimensions, and, denoting the sequence (1.9) by D,

one defines

. w-i .
dD =2 0 diwm H . (1.11)

Then, under the same universality condition as above, the Atiyah-

Singer theorem says

"
"‘i(unl ;(-11%& E;
ed D = 1) 22
ind D = e (T™)

H{Tec)IM] o (1.12)

Evidently the original theorem (1.7) is subsumed as the special case
of a two step complex.

There are also generalizations of the index theorem to manifolds
with boundary, to which we shall return in the last chapter.

We conclude this paragraph by mentioning another very important
generalization of the index theorem which will be employed later on,
the G index theorem 6).

Take again two complex vector bundles E and F over a compact

manifold M. In addition we assume that a group G acts on M and on
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the bundles E and F in such a way that for every m &€ M the fibre
of E over m is mapped linearly onto the fibre of E over gm, and
analogously for F. Then G also acts on the sections of E (and F) in
the following way:
s —>gs (s, gs e ["(E))
with

(gs)(m) = g(s(g”'m)) - (1.13)

We now consider an elliptic operator E——Q—+ F, which commutes with

the action of G:
gD = Dg for all g &€ G (1.14)

Then ker D and coker D are stable under G and thus finite dimensional
representation spaces of the group G. For every g € G one can form

the traces of g on these representation spaces and define
iwd. D = f1-3 - f4~a (1.15)
1 Rer D cokesr D
Then the G index theorem says that this quantity has topological
meaning and is the value of a characteristic class. One has
i*(chgE - ckyF (T8
L (chgB - chgf) td (TMT) gy (1.16)
&3(A4N3®¢)2(TM9)

where M9 is the set of fixed points of g, ™Y its tangent bundle,
N? ® ¢ the complexified normal bundle of TMY in TM, /\_1 w% ® @)

i.ﬂ.dﬁ .D =

the alternating sum of the external powers of M ®c¢ and ch3 the
so-called equivariant Chern character, a generalization of the
usual Chern character, which will be defined in the appendix II.
We see that the G-index is character valued rather than integer
valued and that the usual index theorem is recovered for
g =4¢€ , the identity element of the group G.

2. Index Theorem and Heat transport 8)

Consider a complex vector bundle E over a compact manifold M and a
non-negative elliptic operator A : I (E)—["(E) on E. For this

operator one constructs the heat transport operator

h = e tA (2.1)
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The kernel of this operator has the spectral decomposition in terms

of the eigenfunctions of A

r—

’&.(t,x,\j) :L}\_‘ e )‘tcfk(“ T\(L&\

(2.2)

where the summation runs over the eigenvalues of A, multiple
eigenvalues being counted several times.

(For all of our constructions one has, strictly speaking to
complete " (E) to a Hilbert space with an appropriate Sobolev norm.

Details can be found in ref. 245.

The matrix valued kernel function obeys the heat transport

equation
) 5
(,Sfb'i-b*)ﬁ(-&,x,j) = o (2.3a)
with initial value
h(o,x,y) = & (%,y) . (2.3b)

For t —» oo it simply tends to the projector onto the space of zero

modes of A .
It can be shown 8)24) that for small positive t the function

h(t,x,x) has an asymptotic expansion

Rt x,x) ~ Z'«’:fc@*(x’ (2.4)
t->0,
with onlykfinitely many negative powers of t. Furthermore the
coefficient functions (&r(x) can recursively be determined as
polynomials in the coefficients of the operator A and their
derivatives. For differential operators with a geometric meaning
ohly curvature tensors and their derivatives occur. In concrete
cases this recursive determination may be very laborious.
The related quantity h(¢t) Def tr S dxh(t,x,X) equals

M
- At
beer= > e (2.5a)
b
and has an asymptotic expansion
fity ~ tha, (2.5Db)

€~ O*




a, = ty C&*(x\it (2.5¢)
M
Sometimes it is advantageous to consider the operator A_s, whose
kernel S (s,x,y) is related to h(t,x,y) by a Mellin transform

o
Zes X =F%5 gdttsq(ﬁ(t,&j)-7;<m3>) (2.6)

o

*
where P_(x,y) = :E ;qix)"y(y) lim h(t,x,y) is the projector
O o ' " Py

-2

onto the kernel of A .
And the related quantity

Zesy =3, X" =t | dxgisxo
hio M

g(s) is analytic for s large enough, and for s = O one has

Ziey= a, + dx Ty (2.8)
e
Now take an elliptic operator D: r*(E)—-————5 ™ (F) between two
bundles E and F. With the adjoint p¥ of D one observes that the

operators
A M (E) —s ME)

Ag , FNE—m

are non-negative. Furthermore, they have the same eigenvalues A\ ,
which, for N # O even are of the same multiplicity. To see this,

one only has to realize that for b # 0 and

%k
Befrt PRgy = MR
Be(dg) = (DBIDG, = DB @, = XDy,

and that D‘fx # O because ZSE and D have the same kernel.
Constructing the corresponding heat kernels hE(t,x,y) and
h,(t,x,y) one notices that the quantity
‘ -Ngt
(v - € (v = e
E F
e




actually does not depend on t, because the contributions from the
non-vanishing eigenvalues cancel out.

Hence, because ker D = ker AE and ker D* = ker AF

sk
hE(t) - hF(T) = dim ker D - dim ker D = ind D . (2.12)

=4
Inserting the asymptotic expansion (2.4) and noticing that only @&,
and Cl: can contribute , one finally obtains

E
ind D = ¢ g (@,(xy-c:(m)dx = q:— q: (2.13)
M .

a formula, which expresses the index of D as an integral over
curvature quantities. The integrand is identical with the right-hand
side of the Atiyah—-Singer index theorem (1.7), if the characteristic
classes are expressed in terms of curvature quantities. Of course,
it is always advantageous to use (1.7) directly rather than going
through all the recursion formulae which lead to (2.13), but the
insight coming from the relationship of the index to the heat kernel
will be useful for the application of the index theorem to current
anomalies, which will be described in section 4.

We conclude with two remarks:

a) The coefficients &« of eq. (2.4) normaliy only have a differential
geometric meaning. The Atiyah Singer theorem states that the

special combination ékf - Q&: has topological meaning.

b) The relationship of the index problem to the heat transport
equation is used for the heat transport proof of the index theorem.
Here formula {(2.13) is evaluated for a certain set of elliptic
operators, and the resulting integrand identified as a characterisiic
class in terms of curvature guantities. Then K-theory is applied

to show that this is sufficient to show that the index of every
elliptic operator is the value of a characteristic class and to
derive a formula of type eq. (1.7).

3. Number of Parameters of Instanton Solutions

.We consider some Euclidean space time manifold M. We require M to be
. a four dimensional Riemannian manifold, compact and oriented. The
' common case in the literature 14-17) is M = S4, the four dimension-
al sphere, but other base manifolds may be of similar interest,
especially in gquantum gravity.
On M we have a Yang -Mills field, which belongs to a compact
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%)
Lie group G and is given by a (locally defined) gauge potential A ,
a one-form on M with values in the Lie algebra g’of G. In condensed

notation the Yang -Mills field theory strength is

(3.1)

a g—valued two-form on M. The wedge product Aax A implies a Lie
multiplication.
%) In mathematical terms we have a principal G-bundle P over M and
a connection on P.

In our notation the Bianchi identity locks like

Def

D,F dF + AAF . (3.2)

2

and the effect of an infinitesimal gauge transformation on A is

SA=dY + AaX 22{ D, (3.3)

where )C is sonng—valued function on M (more precisely a section
of the vector bundle V%, the vector bundle with fibre«%, associated
to the principal bundle P via the adjoint representation of G.

An instanton over M is defined to be a connection A such that

the corresponding Yang -Mills field strength is self-dual :
* F
This implies that the Yang-Mills equation

D (d + AA)%RF

2
is fulfilled.
The qguestion is now what the dimensionality of a local family of
instanton solutions is, if one identifies gauge equivalent instanton
solutions.
The variation of F due to an infinitesimal variation §A is
because of (3.1) given by

Def

SF asa + aanfa D.§a .

]

8o, an equivalent formulation of our question is: What is the
dimension h1 of the space of variations & A, which have F self-dual




179

and are not of the form (3.3), i.e. not due to a mere gauge

transformation?
Denoting the projector onto antiselfdual two-forms by P_ we can

say, that we want to compute the quantity

h, = kerP_sD /im D, . (3.7)

This guantity is well defined because, indeed im D C ker P_D,,

because D,D_ X = F X and hence

(P_D1)Dojﬁ =0 (3.8)

£

because F was self dual. The index theorem now enters via the

: 00— /\j;JL M) —20 >/\%<M> Pl /\?‘_% (M) —— O,
which can easily shown to be elliptic.

Here A (M) = A (M) ® Voé

/\z‘%,(m) /\i(m) ® Vo (3.9)
AhéM) AjM)GV%,

1

#

where V%.was defined above and A (M), Ay, ﬁ:jM) are the zeroth,
first and antiselfdual second exterior power of the cotangent bundle
of M. The sections of these bundles are zero-forms, one-forms and
antiselfdual two-forms respectively.

Now, according to (1.11)

ind D = h - h + h (3.10)

with h, given by (3.7) and

1

1

h
o

h,

dim ker DO
(3.11)

]

2
dim ker(P_D1)*‘ = dim( /\_%‘(M)/im pD,)

ind D can be evaluated by the Atiyah-Singer index theorem, and one

obtains

h1 = 4kC(G) - 1/2 dim G (f—-’t‘) + ho + h2 . (3.12)

Here k is the winding number of the Instanton

f is the BEuler characteristic of M




Tis the signature of M
Cc(G) and dim G depend on the group and are given by the following
17) ’
table :

SU(n) SO (n) Sp(2n)
n 7

c(G) n-2

The guantities ho and h2 vanish in many interesting cases. ho is

non-vanishing only if the connection is actually reducible to a
subgroup H C G.

A sufficient condition for h2 = 0 is that the scalar curvature of
M is non~negative and that the Weyl-tensor of M is selfdual. This
also guarantees 10) that the local variations are integrable to
global instanton solutions.

As an example one may take the well known case

M = S4, hence X =12, 7T°=0,
)

G = S8U(2) with C(G) = 2, dim G = 3
and ho = h, = 0 .

2
Then the famous result

is reproduced.

4. Index theorem and Current Anomalies

Current anomalies 26) are acharacteristic phenomenon, which may
arise if a classical field theory is quantized. The invariance of a
classical Lagrangian under a continuous group of transformations
jeads to the conservation of the corresponding Noether current.
Quantization affiliates a guantum current to khis classical Noether
current, and it may happen, that unlike the classical current, the
guantum current is mot conserved but has an anomalous non vanishing
divergence. In other words, it may be impossible to maintain a
classical conservation law in the corresponding quantum field
theory. Examples of this situation are provided by the anomaly of the
axial current in massless fermion theories and by the trace anomaly,
the anomaly of the dilatation current. If the invariance of the
Lagrangian is explicitly broken already at the classical level, the

classical and quantum Ward identities will differ by the anomalous




contribution.

7)19)27) ipat for the large class

In this chapter we shall show
of currents, including the axial current the anomalous divergence
of the gquantum current has a topological meaning reflecting topologi-
cal properties of the undeflying classical theory. The Atiyah Singer
theorem will be crucial in revealing this topological relevance of the
anomaly and will, moreover, provide a powerful tool for calculating
the anomalous divergence of a given current.

In the sequel the classical as well as the gquantized field
theory will always be Euclidean, and the final physical results
will be obtained by Wick rotating at the very end.

19) guite general classical field

We consider the following
theory.‘The Euclidean classical fields are sections of a vector
bundle E over a compact Riemannian space time manifold. (In a later
section we shall see that the assumed compactness of Euclidean
space-time is only a technical assumption.) Denoting the Euclidean
field by ¥ we furthermore assume that the classical Lagrangean is of

the form 19)

L = <*,D‘«r>+... (4.1)

) where <.,.?> is some hermitean scalar product, which we need not
specify for the moment and D: T (E)— (E) is an elliptic
operator of the first order. The terms omitted in (4.1) may contain
additional interactions without derivatives of tf and contributions
from other Euclidean fields. The assumed ellipticity of D just
reflects the physical requirement that the kinetic operator is

invertible off~-shell, D may contain gauge fixing terms to assure

this. We could as well have started out with a Lagrangean bilinear in

the derivative:
L = <Dx{z,Du\,> (4.1a)

the anomalous divergences which will emerge later on would in fact
be identical, but for the definiteness we stay wxch (4.1).
Next we assume that L be invariant under transformations
e
« g
L{,-______..___.._; e g‘/ (4.2&)

where r% is a bundle homomorphism (locally a possibly space time

dependent matrix) with the additional properties




Finally, although this is not necessary, we shall for convenience

assume that the elliptic operator D is of the form

D m.v; (4.3)

where ‘71 is the covariant derivative in the direction i.

A classical massless spinor field in curved Euclidean space-time
possibly coupled to an additional Yang Mills field is an example of
the above described situation, and the notations allude to this
standard example, but there are other interesting realizations of
the general scheme.

The conserved classical Noether current is

Ji= <9 Nlgy> (4.4)

r‘S is involutive, hence, the fields W 3 r‘(E) can be split into

even and odd parts under ‘*5:

Tg ¢t = % Yt (4.5a)

T(e) = ML (E)® T. (E) (4.5b)

and (4.2b) implies that D transforms even fields into odd fields and
odd fields into even fields. So, by restriction we can define

elliptic operators

M, () ———— [(E)

M _(E) —— T (E)

which are adjoints of one another.

Now we can state the main assertion of this paragraph 19):
The divergence of qguantum current S i affiliated to :Ii has an
anomaly A(x), a polynomial in the curvature quantities of the bundles
involVed, which is given by minus twice the index density of the

elliptic operator D_. (The index density is the curvature polynomial
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on the right hand side of the Atiyah-Singer index theorem (1.7)
which has to be integrated over M to give the index.)

In the rest of this section we shall have to justify this vital

theorem.
In the quantized theory, the classical current (4.4) is replaced by

a functional average (vacuum expectation value of the quantum current
operator:

Sg

[

[

~ .5 -
J. << . > =g]>c(»3£e e Dy e

-5z + AL:
YV fb‘f e ) BT
g
E Def o —
= = [ (A
. DA, ) Aso

The integration is a functional integration, the derivative with
respect to the external source is a functional derivative, AiIi is a
short hand notation for g dei(x)Ai(x), and the Euclidean action

M

is

S = Shz-dx = §M<+‘M> dx (4.8)

The vacuum functional T'(A) is formally given by

"@a) =-1ndet (D - A, . ") ,(+1n det for fermions)
iy i i'5 2 (4.9)
=~ 1ln det D +AitrFiP5D + ...
% Hence, in one loop order one has formally
T, = tr ', "] (4.10)

| i i 5

Here, D—'1 is the CGreen's function of the operator D.
As it stands, the expression (4.10) is of course ill-defined, and
there are various equivalent procedures to regularize and define it.
On can start out from the expression
~

Ii = }jﬂ; tr([*i(x)r15(x)G(x,x')) regularized (4.17)
X -

v

or, graphically




184

Here the double lipe represents the propagator of ‘%’ in an
external field, the simple_line the free ¢ propagator, the wavy
line the external field and the cross the insertion rﬂi‘ﬂs.

The task is to calculate ‘7131 in order to find possible anomalies

This can be done by 10)

a) Feynman graph methods 10’28), where one treats the problem in the

momentum space and regularizes the emerging Feynman graphs in a
standard way. The anomaly will arise from the lowest graphs depicted
in (4.12).

b) Covariant point splitting 19). Here one determines the Green's
function G for instance, by Schwinger's proper time method and
regularizes by dropping terms which are singular in the coincidence
limit.

c) 5 ~ function regularization
This qethod most clearly reveales the relationship between anomalies

27,10,4)

and the index theorem.
The one-loop vacuum functional is formally given by

2
=4 e X
r L? ted

where §>%1 are the eigenvalues of the non~negative operator

2 _ 2 . . .
DA = (D Fi PS Ai) , and ¢ is some regularization mass.
Comparing with eqg. (2.7) one sees that it is natural to define

™ by

- i [§Q53+ &;@%%(5)]5_0 (4.14)

; (s) is the é;—function of the operator Di. This expression exists
for large real part of s, and the value at s = O is obtained by
analytic combination. For the divergence of E; one finds (compare

4.11)
V3,00 = -2 tr g (5% I l (comp. eg. 2.6)

(4.15)

- —1—— ‘é‘s—‘ r‘ (+ —?
2 o gdt tr 5 (ﬁ %) o (X XD )l

Azo S0

-9 t+ r; CAo(x\ + 2t FS’E (x %)

@w(x) is the coefficient of t° in the asymptotic expansion of the

heat kernel of the operator D2.




Now Dg commutes with T‘S, and hence, its heat kernel splits into
an even and an odd contribution

h = h+ + h_; r5h+ = + hi (4.16)

h, are the heat kernels restricted to T1+(E) (compare (4.6)) and

belong to the operators

o)
i
#j*

b and (4.17)

D,D_ = D,D

e+

With this splitting we get

VI o= -zee{e 0 - @) o+ 2efr om0 -p _xn0]

o
in evident notation, and looking at (4.17) and (2.13) we see that
the anomalous part of the divergence of fi‘ a curvature polynomial,
which is present even if there are no zero modes of Dz, is really
given by (~2) times the index density of the‘operator D+.

We see, that the anomaly of the current T+ being related to the
index of D+ really has a topological meaning. In contrast to this,

4)

for the trace anomaly , the anomalous trace of the energy momentum

tensor in one loop order the Z ~reqgularization procedure gives

<T—£Ll)ﬂuow.a€ous = - Atr tl"(X\ =-2 ¢ (e:*@‘: ) . (4.19)
This is again a polynomial in the relevant curvature quantities, but
this combination does not in general represent a closed differential
form and a characteristic class, but has only a metrical meaning.
Related to this, the trace anomaly, unlike the anomaly of the axial
current is known to be renormalized in higher loop orders.
It is fair to say that we can resume our findings about the
topological significance of the anomalies of guantum currents in the
following way:
The anomalous part of the divergence of the gquantum current Ti
is int&roduced by the regularization procedure, which includes the
extraction of the zero modes. The zero modes may show an asymmetry,
(different number of even and odd zero modes) which via the
Atiyah-Singer index theorem has topological significance.
Apart from this insight into the nature of current anomalies, which
turn out to convey a topological message the gain of what we have

derived is twofold:
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a) We have a powerful tool to compute anocmalies quickly by
topological methods. )

b) We can use our insight to construct new anomalous curfents 19),
whose anomalies are related to fundamental topological features of
the underlying classical theory.

Both points will be illustrated by examples in theé next section.

5. Evaluation of Anomalies

19)

We ghall now give several realizations of the general framework
described by egs. (4.1) and (4.2). Throughout we shall assume that
the space-time manifold M is of even dimension n, compact, oriented
and Riemannian. .

We denote the Riemannian metric by g. There exist local n-bein
tangent vector fields (ei) i=1,...,n, such that (e1,...,en) defines

the orientation of M and

g(ei,ej) g

ij

In the standard way we have a unique torsion free Riemannian

connection in the tangent bundle, which we write as

vxei
.Q_.ij(X) +jS
with associated Riemannian curvature form R.
From the tangent bundle one can go over to the Cclifford bundle
C(M) by forming the Clifford algebra of the tangent spaces at all
points m € M with respect to the form g(m).
As local sections of C(M) we shall denote the n—bein fields ey by 'gi'

Because of the orientability of M

gs = &ile &u (5.3)

is globally defined.
our first example is the axial anomaly. Herefore we assume that
M has a spin structure (the vanishing of the second Stiefel-Whitney
class is a necessaryand sufficient condition for this). Then it is
possible to construct a spinor bundle A (M) over M, whose sections
are s = 1/2 spinor fields, and which splits into an even and an

odd part under {5*




A (M) AT e AT

On M we have a canonical spinor connection by
A
Ve = Xy oy 2y y (5.5)
and a globally defined Dirac operator D with
A
I>*’ = g V;akf ' ’ (5.6)

1f for the scalar product in the fibres <.,.7> we take the ordinary
scalar product on spinors we have all the data required for the

construction (4.1) and (4.2), because really

D + D =20
Is ¥s (5.7)

So, in this case E is the spinor bundle A (M), the anomalous

current is the axial current

n

Ji= <t gigs (5.8)

and the anomaly of the axial current is given by the index density

of the operator

AT M) —— TA (M) . (5.9)

+

By the methods described in appendix 2, this gquantity can be readily

N
determined: it is the A genus density 6,25) known from the

mathematical literature and given up to terms of degree four by

A 1
A = 1~ 57 Pq +oe.. R (5.10)
Here Py is the so-called first Pontr%agin class 13), a characteris-
tic class of degree four, which in terms of the Riemannian curvature
is given by the closed 4~form 25)
1
py = - gﬁpr RaR (5.11a)




K. 1
RijkldXAdX (5.11b)
S0, we can immediately evaluate the gravitational part of the axial
anomaly 19), which would, for instance lead to a decay of the
T°-meson into two gravitons. The ordinary Adler-Bell-Jackiw
26) 7), if one adds a gauge degree of

anomaly is also obtained

freedom of the Fermion fields, which mathematically corresponds to

tensorially multiplying with a vector bundle VG with structural

group G:
by x
AT (M) ——a AT ® Vs
Using the multiplicativity of ch:
ch(E®F) ch E-chF

and looking at the index theorem (1.7) with
E = A'M)®V and F = A(M)®V one gets the index density
chv - A (M) —dim v 2 p, + &) pop (5.14)
24 1 4 w2 )
In conventional notation the total axial anomaly on a four dimensional

Riemannian manifold is given by
) (5.15)

~
im VvV abcd C (V) trFi.F

gdwz € abstRedst a7z 5k k1

where dim V is the dimension of the representation r(G) under which
the spinor field transforms and E(V) is an easily computable number,

which only depends on r(G).
For dimension n=4 the two contributions are additive, in higher
dimensions alsoc mixed terms will arise.

So we succeed to get the Yang Mills and the gravitational part
of the axial anomaly from the index theorem almost without
calculation. Especially the evaluation of the gravitational part
by conventional methods is quite laborious, and there was a long

30
standing discrepancy about its coefficient in the literature ).

19) :
Next we shall construct two new anomalous currents . For the

bundle E over M we take the bundle

hod <
AM) = @ Awmw
Y-
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The sum of all complexified exterior powers of the cotangent bundle

of M. The sections of this bundle A(M) are just all the complex-—

valued differential forms on M, not necessarily of homogeneous
degree. The dimension of A(M), and hence the number of complex

n

components of the field ¢ is 2. For instance,

q' has 16 components, namely

B A T - S

Decomposing into

greater than one.

On the cotangent bundle of

11'6), because M

the n-dim fields

is given by

i
X e'a...ae

e
H

The scalar product on the fibres of A (M) is defined in the

Hence:
% : AT
. 6)
following way :
L=, B>

from O-forms : scalar

from 1-forms : vector

for dimension n=4,

from 2-forms : antisymmetric tensor of rank two

from 3-forms : pseudovector
from 4-forms : pseudoscalar

spins we see that for n=4, %rcontains spins not

M we have the Hodge star-involution

is oriented, which in terms of the dual forms et of

M) — A P7F (M)

= KA % ﬁ

if & and ﬁ are homogeneous of equal degree

<, p>

linear extension if &« or @ are nonhomogeneous.

There is also a hermitean form

(e, F ) = S <% B>

which turns out to be positive definite.

M

(5.17)

(5.18)

(5.18a)

(5.19)

= 0, if « ,ﬁ are homogeneous of unequal degree and by

(5.20)
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on A (M) we have the ordinary exterior derivative

ar AT —— AT (5.20a)
with a2 =o0 (5.20b)

And by

(« ,dp) (S, p) ' (5.21a)

we can define the adjoint S of d with respect to the hermitean form

$: AT — AT T (5.21b)

2
£=o0 (5.21¢)
is explicitely given by

Sw= (-)"° ¥ P harx for e A (M)

For the operator D we take the Hodge operator 6)24)

D =d+$8
p: TA (M) —>TAM

which is hermitean and elliptic as can easily be shown.
The kernel of D is spanned by the harmonic differential forms, which

are defined by

dw (5.23)

The Hodge decbmposition theorem 24) says that every de Rham
cohomology class has precisely one harmonic representative, which
implies that the pth Bett i number b_(M) is equal to the number of
linearly independent harmonic differential forms of degree p.

Now all other data for the Lagrangean (4.1) are known.

There remains to define the operator r 5°

We give two different non-equivalent variants:

a) We define 19) '

E
Mg w = -0' , we AT (M)
an operator which is +1 on forms of even degree and -1

of odd degree
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(- PEFD/2 + 1o for welAP) . (5.25)

Here we have assumed that n= dim M = 41 is divisable by four.

one verifies

(PSE‘H )2, - 1

(5.26)
) T‘SD + D \"5 = 0 .
Using the identity
dw = >, e'a Ve, 0 (5.27)
t
we can write the Hodge operator D in the form 19)
D= (de8) = T, Y, (V= Ve,) (5.28a)
with
c wpiutl P :
Mo = (efar &0 xeax)w welA) | (5.28p)

The 2" x 2™ matrices Iﬂi fulfill the same anticommutation rules as
EH ~ .

the §;, and {PL»FS } = © .

The bundle A (M) splits into even and odd parts under rs‘ :

T‘:: Al(M) = AS My @ AT(M) (5.29a)
T‘s“: AMy= AT(Mye AT(M) . (5.29b)

Altogether, the Lagrangean is
L= <o, T Vw>+. (5.30a)

and the conserved classical currents are
ElH E\H

~
The anomalies of the corresponding quantum currents J?’H, for

19)

which we introduce the names Euler current and Hirzebruch current,

are completely determined by the index densities of the operators

D, : TA (M) —— A% (M)

AT (M) —— PAT (MY




L.et us first discuss DE‘ The meaning of ind DE is readily

identified 6’242' E = dim ker DE - dim ker DE* .
Now ker DE and ker DE* are the spaces of harmonic differential

forms of even and odd degree respectively. Thus

. B
dim ker D Z bZI‘(M)

. EX _ (5.31a)
dim ker (D+) S byt (M)

(5.31b)

ind D > (=nFp 0 % ()

the Buler characteristic of M. )C(M) has another simple meaning

If M is triangulated with m, i-simplices, then

f(M) =Z (—1)imi, independent of the triangulation.

The right hand side of the Atiyah-Singer index theorem for DE
gives the so—called Euler class e, a characteristic class of degree

n = dim M, which, when integrated over‘ M yields the Euler characteris—

tic )C(M) ; Inverting its well known expression 25) in terms of the

Riemannian curvature we finally obtain the anomaly 19) for n=4

iks &V-V&B R (5.32)

V.31 = wee (Buv Rrsab
This result has also peen checked by comparing it with the result
of a covariant point splitting calculation.

We now come to the operator Di:
ker DE and ker DE* are the spaces of harmonic forms even and odd

under T‘PSI respectively. Every harmonic form ocef'/\p(M) can be written

as -

A H H
=7 (os-rr's a ) t i(m—rs,‘\ = Wt X (5.33)

+

X, € A (M) are harmonic. Hence, for p # 21 ( remember n = dim M = 41)
the spaces ker DE(\AP(M) and ker DE*AAP(M) are isomorphic, and
ind DH gets only contributions from /\Zl(M) , which is stable under

!“2. on /\21(M) we have

H
M ow = ¥w (5.34)

In the space of harmonic 21 forms HZl(M)C/\Zl(M) we introduce a

pasis {w;] such that )
w; 1$LET
M €or L (5‘35)

*b:v =
¢ 5 -y .?cr +e4 & L = @'LQ(M)




Then "
ind Dy = ¥-5 (5.36)

This is at the same time the signature of the symmetric guadratic

form

[,{|%] = go('\f: a (oc,\"sP) (5.37)
Ly
on H21(M), which‘is by definition
manifold M.
For the operator DE the index density is given
L genus, a characteristic class whose parts up to degree four are

1a)
6,24,23) the signature of the

6’29)by the

L=As {pie-- (5.38)

It is the content of Hirzebruch's famous signature theorem 29)

that the integral over the L class equals the signature of the
ris- manifold, which explains the name of Hirzebruch current for J?.
Using (5.11) and (5.38) the anomaly of J? is readily obtained 19).
For example for n=4:

H 4 vhes

N

i T igar B Rituv Resuy (5.39)

2)

Again, this result has also been verified by a covariant point
splitting calculation 19).

It would be straightforward to endow the 20 component field with
an additional gauge degree of freedom, which would just like for the
spinor field result in multiplying the index density by ch VG

and yield an easily computable Yang -Mills contribution to the

anomalies of JE and Jg.
t L 19)

3 We have succeeded in constructing anomalous currents , whose
41) anomalies are related to the most fundamental invariants of the
space-time manifold M, the Euler characteristic and the signature.
For n=4 these currents incorporate only fields of spin Sk 1. They
may play a role in gquantum gravity comparable to the importance
of the axial current in Yang-Mills theories. )

34) As a last exa?gie we shall briefly treat the axial anomaly
of Supergravity This is a theory, in which a massless spin 3/2

field is coupled to the gravitational field. It is unique in the

28,33,10)

sense that the usual causality problems, which arise, if a field

35) of higher spin is coupled to the gravitational field are avoided
in a consistent way. ‘
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The Lagrangean of supergravity is 32)

Au¥e —
Z= -7 Vg R- iat‘ﬁ%xg?gs\‘?@% (5.40)

It is invariant under the chiral transformation of the Rarita-

Schwinger spinor \fe

—Lxgs
%Q?—_.u__a e &fcb (5.41a)

which leads to a conserved classical Noether current

(S _ Lgsetry 5.41b
Je=- 28 ‘fsg’fk{’o‘ (5-41b)
The Rarita~Schwinger field %5& still contains redundant unphysical
degrees of freedom, which have to be eliminated by subsidiary

conditions like

\7e G ™ © QulYe =© (5.42)

This can be done consistently because the Lagrangean eg. (5.40)

has a fermionic gauge invariance under the substitution

Yo" Yer VX (5.43)

and some of the constraints can be interpreted as gauge fixing
conditions.

In a field theoretical treatment a gauge fixing term is added to
the supergravity Lagrangean, and the unphysical degrees of freedom
are compensated by ghost fields. A careful analysis shows 34), that
the ghost fields are spinor fields 33'34), two with positive and
one with negative chiral charge. This result can be guessed by
counting degrees of freedom and by looking at the structure of
the subsidiary conditions (5.42). The gauge fixing term helps to
render the Euclidean kinetic operator elliptic. Its precise form
does not matter for the topological evaluation of the anomaly,
because the index theorem (1.7) only depends on the bundles involved.

The contribution of the ghost fields has to be subtracted to get
the correct axial anomaly.

In geometrical terms, the Rarita-Schwinger field is a section of
the bundle

2=R'eR=20Me (™Me @) (5.44)

At @ (Thed) ® A @(™eC)
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_where TM@&C is the complexified tangent bundle of the compact
space~time manifold M, correspondiﬁg +o the additional four-vector
index of the Rarita-Schwinger field Lf&.

For the calculation of the axial anomaly one needs the Chern
character ch RT - ch R . Looking at (5.44) and using the

multiplicativity of ch one finds

AR - bR =ch(meg) [chatty-cha v | (5.452)

and from an inspection of the index theorem (1.7) one infers that the
index density of the elliptic Rarita-Schwinger operator is obtained

from the Dirac density by simply multiplying with

ch(™Mec) = hep +-- . (5.46)

(For a derivation of this equality see Appendix II).

The ghost bundle is given by

+ + % I
S\' = A ® A oAt . (5.47)

In the index theorem, the contributions of two of the ghost spinor
bundles will compensate, and the final axial anomaly will be obtained
by simply subtracting once the spin 1/2 index density from the
Rarita-Schwinger index density. So, finally one has to multiply the
spin 1/2 anomaly density by (3 + Py 4+ ...) to arrive at the desired

result. Comparing with the spin 1/2 anomaly we find

) + + L =
ind D, - ind D1/2 = (3 + Py +,..) (1 >7P1 +..0M] =

21 - . + (5.48)
(3 + 5gp)u]l = = 21 ind Dy .

The axial anomaly of the spin 3/2 field is -21 times 33,10) the

corresponding spin 1/2 result. Supposing, one can also add a Yang -
Mills degree of freedom in a consistent way, also this contribution
to the spin 3/2 axial anomaly can easily be evaluated 10). The

results , normalized to spin 1/2 are given in the following table

Spin Gravitational Yang ~Mills
part part

1/2 1 1

3/2 -21 3
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More general spinor fields and additional gauge degrees of freedom
have been treated in £431.
This evaluation of the supergravity anomaly especially clearly

reveals the power of the tbpological approach to the anomaly problem.

Ref 10) contains a more detailed discussion of the spin 3/2 anomaly
including a comparison with other methods for computing anomalies.
We remark here that different values for the spin 3/2 axial
anomaly can be obtained by evaluating the relevant Feynman graph
28,10) using nhoncovariant gauge fixing and assuming that the
Adler-Rosenberg method of exploiting "gravitational conservation”

is applicable in this case. This, however, turns out not to be true 42).

6. Non Compact Spaces

On noncompact spaces or compact spaces with boundaries the index
theorem (1.7) cannot be true without modifications.

To illustrate this we give two examples of noncompact Riemannian
manifolds, which can be thought to be obtained by letting a
boundary tend to infinity.

35)

a) Hawking's Euclidean Taub-NUT space is a Riemannian space

with length element

2
2 _ Rim 4.2 2 2 2 2 4m
ds® = &30 gr® + 4(R* - m){S S +G. + —— G (6.1)

R-m { x Y (R+m) 2
{(6.1a)

(-cos Ltde -~ sin 8 singdy)
(sint‘fde - sinecosqfd‘f)

Nl= s f

(-ay —cm@d?)

o scf £ AW

are the Maurer Cartan forms of the three-sphere S3 in terms of
Euler angles. The singularity of the metric at R = m is only an
apparent one and comes only from the polar coordinates. The total
topology of the Euclidean Taub-Nut space is simplle4. Restricting
to m<£ R & R, one obtains manifolds with boundary. The boundary
surfaces at R = RO are topological thrée-spheres with a non-standard

metric, which gets more and more asymmetric for RO—¢-°° because the
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coefficient of4§§ decreases relative to the coefficient Gi +<S§.
The Riemannian curvature of the metric (6.1) is self dual, which

makes the Euclidean Taub-NUT space a good candidate for a

gravitational instanton 35). To show that the single unmodified

index theorem cannot hold for this space we compute the Pontrjagin

number

4
P‘[P1] - - E;;z-g r RAR
™

p,IMI = 2 (6.4)

Eq. (5.10) then tells us that using the index theorem (1.7) this

would imply for the index of the Dirac operator

na + " - .-L
ind D1/2 = T3 (6.5)

an absurd fractional result. Hawking presented this situation as a
puzzle 35), and we shall soon exhibit the necessary modifications of
the index theorem to render this index an integer.

As a second example wz)take the

’

b) Eguchi-Hanson space a Riemannian space with metric

2 2 _ a4, -t 2 2 2 _a 4.2 6.6
as? = ar®(1 - AH T+ RP{elrsl (1 - R) c2} . (6.6

_The singularity at R=a can be removed by identifying antipodal
points. The angle ¢ then varies only in the interval O£ ¢ £ 27,
The surfaces at R==Ro are therefore no; spheres but real projective
three-spaces IRP (3), which arise from S§” by identifying antipodal
points. The mefric on these projective spaces tends to the standard
metric for Ro-—» 20 ., Again, for (6.6) the Riemannian tensor is self

dual, and this time one finds

PLMl=-3 ' (6.7a)

and 1 (6.7b)

) +

ind D1/2 = 3
The metric is asymptotically flat, which makes it a still better
candidate for a gravitational instanton. Later on we shall deal with
more general boundaries than S3 and IRP(3), namely with so~called

Lens spaces 31), which we are now going to describe.
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We start out from the three-sphere S3, which we realize as the
following subset of the complex two dimensional space ¢2:
3 _ 2 2 2
s? = {(zg.zy € ¢ fiz1? + 12y 1]
On 33 we consider the action of a cyclic group G of order m.

The action on ¢2 and S3 is determined by specifying the action of a

generator goe G:

i ©. i0 6.
90(21122) = (et Zqr et 2 z,) (6.9)
Identifying equivalent points under the action of G we arrive at
the Lens space
Def 3
L(&,,8,) = 87/G (6.10)

in particular

&P (3) L{¥,T) (6.11)

We now state an index theorem of Atiyah,Singer and Patodi 20)

for compact Riemannian manifolds with boundary. Our noncompact
manifolds are obtained by pushing the boundary to infinity. For

definiteness we state it for the Dirac operator. One has 20

£

ind D,'/2

= AL+ K - 5 9, M1+ by ) (6.12)
The first term g[M] is the same integral over a curvature polynomial
which appears on the right hand side of the index theorem for
compact manifolds without boundary. This by the way justifies that
we restricted ourselves to compact manifolds without boundary in
section 4 and 5. The second term K is a local boundary term, an
integral over the boundary of a differential form, which depends on
the curvature tensor and the second fundamental form. It is the
so-called transgression 25) form of the class ﬁ. K vanishes if the
manifold is a Riemannian product and in the two examples tends to
zero, if RO of the boundaries R = RO goes to infinity. We need not
further discuss this contribution.

The last contribution

o4 ‘
=3 (7.4[(:):«] + ¢L‘/L (6.13)

5y

is of particular interest.It can be shown to depend only on the

boundary @M and not on the interior 1\7(




Tt persists also for RO ;->oo and will provide the missing fractional
part of the index. %‘/z_is a very peculiar spectral invariant of the
poundary, defined in the following way:

Introducing normal and tangential coordinates in the neighbour-
hood of the boundary’®dM on can write the Dirac operator
DY A;z(ﬁ)——? K Myas

ot - Kuvu* g“V“ = KK(V“A\ . (6.14)

The operator A is hermitean and can be identified with the Dirac
operator on the boundary oM.

Let

hyjp = dim ker 2, (6.15)

be the number of zero modes of the operator A. Denoting the eigen-

values of A by {X‘i one defines

-5

%o

Ty (s

in the sense of an analytic continuation.

[oml

This strange quantity, obtained from the spectrum of the Dirac

operator A ondM vanishes if the eigenvalues X are distributed
symmetrically about N\ = 0. It describes an asymmetry of the eigen-—
value distribution.

For the Euclidean Taub-NUT space “the boundary contribution % |/
can be evaluated directly 21,38) diagonalizing the Dirac operator
on S3 with nonstandard left-invariant metric.

The result for the boundary contribution of the boundary at
RO___>’° is21,22)

Taub~-NUT : :5‘/:_ = - L4, (6.18a)
and hence

B (6.18b)

12" 72+t12 = © .

ind D

This vanishing of the index means that no chirality is lost by
tunneling of a s = 1/2 spinor Taub-NUT background field.

The evaluation of the boundary contribution for the Eguchi-Hanson
space is performed 23) with the aid of the G-index theorem. Rather

than evaluating ¥, on S3/G = L(®©,0 ) with standard metric,
2, VR
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the boundary of D4/G, where D4 = {xéﬂR4llx\$1] , we can undo the
identification modulo G and consider the G-index on D4 with boundary
83 instead. The origin O€lR4 is the only fix point of the action of
G, and the boundary correction for this case is given by the right
hand side of the G index theorem (1.16) and the(vanishing) g-index
for the Dirac operator on D4 with flat metric.

This, in turn, yields the poundary correction of the Lens spaces:
23,39)

. wa -1 4
gt/z.(e”gz') n‘:; Z 51\«.&_“19-‘-~s'\u.§~_2.‘9_£

(6.19)
Bt

The above sketched procedure is described in detail for the signature

operator instead of the Dirac operator in ref. 20). For more details

see ref. a1 .
In particular, for the Eguchi-Hanson space we obtain with 6‘=9151T

Eguchi~Hanson: glﬁ = 1% (6.204a)

and
. + 1 1 (6.21b)
ind D1/2 g ) o]

again no chirality loss of a spin 1/2 field in the gravitational

instanton field.

This absence of vacuum tunneling does not pertain to the spin 3/2
case 23) as was first conjectured by Hawking and Pope 40), who were
able to construct two zero modes of the Rarita-Schwinger operator in
a background Eguchi-Hanson metric, both of negative chirality, and
none of positive chirality.

The G-index theorem provides a rigorous way to evaluate the index

for spin 3/2.

The index of the operator D; : R'— R~ (compare section 5)

is given 10) by a formula analogous to eqg. (6.12)

; + A
ind Dy AR[MJ - gR (oM1 (6.22)

where we have already omitted the boundary contribution K, which
vanishes. for Rd—4 0 .

In section 5 we had already obtained

AgM] = {onimeo) Alnl = (6.22)




% p,LM] - 20 A[M]

5/2 for the metric (6.6)

hé poundary correction E:k is in an analogous way obtained 23) from

= 1/2 result by multiplying the G-index density with

i.*:;k3 (ThHec) = 2cosk© +2LcoskO, (6.24)

Here i* means restriction to the fixed point set Mo = {O}.

3)

The result is for Lens spaces

1 f; cos® 6, + cosk Oy
™ o 29 s £S:2
‘&_:1 2 2

for the Eguchi-Hanson space

ind DI, + -2 (6.26)
R
and, taking into account the ghost contributions for the Rarita-

Schwinger field (compare 5.48)

. + -+ (6.27)
ind DR ind D1/2

in agreement with Hawking and Pope 40).

so, for spin 3/2 chirality does get lost by tunnelling. i)
‘Boundary contributions for higher spinor fields are evaluated in Ref. .
The Atiyah-Singer-Patodi index theorem (6.12) is the appropriate
framework 2h) to treat broken winding numbers, which appear on
non compact manifolds without running into inconsistencies for the
chirality bilance. Such fractional configurations may be important
in a topological theory of guark confinement.

A more detailed description of the G-index evaluation of boundary
terms and a discussion of more general gravitational instanton

background fields can be found in Ref. 41). ’
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Aggendlx I De Rham Cohomology

Tn this appendix we shall collect a few fundamental definitions and
properties concerning the de Rham cohomology of a manifold, the only
kind of cohomology modules which ig used in this work.

Let M ba a (smooth) manifold. The linear space of all (smooth)
differential p-forms on M 1S denoted by P M) = r AT(M) . Further-

more we write

dim™ ?
o (MY= @D Q1 (M)
p=o

On the differential forms we have an exterior derivative
4 .oftn——f e

and an associative exterior multiplication
A:§§F043x§1}(ﬂ\“—“——+ g\f+%(hi

with.the well~-known properties

D&AFJ = ("4\?“,(51\9(

c{(«/\[h = (dx\/\(b t (-n?ou\d%‘

d*x =0

we PO (leﬂgf(m .

In addition, @ is of course linear and A bilinear.

A differential form > 1is called closed if dw =0 and exact,
if there exists a form ¢ such that w = dc.{z. The spaces of closed
and exact p-forms on M are denoted by 7P (M) and BP (M) .

One has, because of (I,4c)

BP(M) < 7P (M) ' (1,5)

The pth de Rham cohomology group of M is defined as the guotient

yvector space
Py = 2P0 /BP e (1,6)

its elements are equivalence classes of closed p-forms, two closed




§~forms being equivalent if their difference is an exact p-form.

A smooth map f: M—s N induces linear maps

¥ QF (N) ——— U () -

such that

¥ 3
g (“Aﬁ) = g oK A ?*P (1,8a)
.g*cioc = d?‘&

(1,8b)

In terms of coordinates f* just means composition with the Jacobian
matrix of f. Because of (I,8), the map f also induces a linear map
between the cohomologies, which we shall also denote by £%;

£ BP(N) —— HP (M) (1,9)

and one can show that homotopy of two maps £ and g implies identity
of the'associated maps £%¥ and g* on the cohomology groups.
We conclude with a few important constructions‘related to
connections on bundles. We shall restrict ourselves to vector bundles.
Let E be a vector bundle over N with standard fibre V and
structural group G. Consider a map £: M—>»N. Then one can construct
the so-called induced bundie f*E, a vector bundle over M with the

same standard fibre V. We again use the notation f*, because there
is no danger of confusion with the previously introduced mappings £¥.
The induced bundle e over M is obtained by taking the fibre of
E over f£{m) as the fibre over m for f*E. For details see e.g. ref.11—132
Homotopic maps induce egquivalent bundles.

Consider now a connection on E with (locally defined) connection
form A and curvature F = dA + 1/2AAA. A and F are grvalued
one-and two-forms on N respectively. E}denotes the Lie algebra of G.
Then there is an induced connection on the induced bundle E
defined by

Aind

which implies
Find dAind " 1/2A1nd" Alnd (I,10b)
A symmetric r-linear form

Q: g x<ﬂx.“><% ety €
(@gr @yre-es a)— Qlagsee-s a.).




is called invariant, if
o(lb,al,a,...,a) =0 for all a,b€ (1,12)

Inserting the curvature form F into a symmetric invariant r-linear
form one obtains a 2r-form

Q Q(F,F,...,F)

F

The precise meaning of {(I,14) can be described as follows.

s _ @ v .
Writing F as F = Fef(x)dx A dx with Fe¢(x)e 3}
we have

[ +, o T

Op Q(§93("' p Eb*¢f)dx Adx A ...adx A dX (1,13a)
We assert that QF is closed and, moreover, the cohomology class of
QF is independent of the specific connection on E and, hence, only
depends on E.

For the first assertion we observe (confer def. (3.2), we drop
the subscript of D)

aQ DQL rQ(DF,F,...,F) (1,14)

F
because of the Bianchi identity DF =0 -

To prove the second assertion we have to show that the change
gQE’ due to an infinitesimal change S A of A is an exact form.
Indeed

$op rQ(SF,F,...sF)
rQ (DSA,F, ... ,F) (eg. 3.6)
rdQ (8 A,F,...,F) (invariance of Q) .

S0, the cohomology class [QP] of QF is really independent of the
connection. This implies that for the induced bundle £¥E we have

Lop#pl = £700;] (1,16)

and that [Qf*F] only depends on f*E.
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appendix 1T Characteristic Classes
n this section we confine ourselves to smooth real or complex
vector bundles over smooth manifolds. The cohomology will always be
de Rham‘scohomology which is all we need. For more general cases

13
see e.9- ref. )

Consider a vector bundle E = (E,Tg,/Mg) with total space E,
ase Meand projection'WE. A characteristic class ¥ is a function

which associates to E a cohomology class of the basis

E—>X(E) € 1oy (11,1a)

w¥y) = ®?HP(ME) (I1,1b)

'In addition one requires that'f behaves naturally with respect to

induced bundles
Kiets = £FXE (11, 1¢)

Egs. (II,1) define the notion of a characteristic class.

For instance, the considerations at the end of appendix I and
formula {(I,16) tell'us that for vector bundles with a fixed structure
group G every invariant n-linear symmetric form Q defines a

characteristic class_%b by
jKQ(E) Q(F,..-F)s (11,2}

where F is the curvature form of any connection on the bundle E.
Equation (11,1c) shows that trivial bundles have trivial values
for all characteristic classes, because a trivial bundle can always
be induced from a bundles whose base is a point.
The most fundamental characteristic classes of complex vector
pundles are the Chern classes ci(E), which are uniguely defined by

(I1,1) and the following properties:

2i
ci(E) e H (ME) (II,3a)

co(E) = 1 P ci(E) o for i » dim E

(Here dim E is the dimension Qf the fibres of E. We define




c(E) 2> _cy(E)

c(E®F) c(B)c(F) (11,3b)
The multiplication on the right hand side is an exterior multiplica-
tion, commutative, because the ci(E) are forms of even degree.

(11,3b) is equivalent with

c,(E®F) = Z c(EYc, o (F) (1I,3c)
3 % & i-k

r O
2 normalization is fixed by prescribing the Chern classes of the
canonical one dimensional vector bundle E(n) over the n-dimensional
complex projective spaces CP(n). The fibre over a point of C€P(n) is
just the one dimensional complex vector space which represents

this point. One defines

cE™®y = 1 +x (T1,34)

where xE;Hz(QP(n)) is the p051t1ve integer generator of the de Rham
cohomology of €P(n). Axioms (II,3) in particular guarantee that the
integrals of the Chern classes over closed compact surfaces are
always integer valued

Assume now that the complex bundle E is the sum of complex line

bundles (one dimensional bundles):
dim E

s E.

1= 3

and call c1(Ej) = y.. Then (11,3b) implies

3

ey = A +y3 (11,5)

~and ¢ (E) is Jjust the k th elementary symmetric polynomial of the

quantltles yj. Not every bundle E is splitgagé? into line bundles,
but one can prove the splitting principle ! , which states that
from every complex vector bundle E one can 1nduce a bundle £ *g

such that £¥E is splittable and the map £* g* (ME)——ﬁ H (Mf*E) is
injective. Hence it suffices to consider splittable pundles. Formally
every complex bundle can be treated as a splittable bundle. Ih terms
of such formal splittings one can conveniently define the other

characteristic classes which are used in this work. For instance




Todd classes

; (1I,6)
-1 .

td B =2 tdE =|[Fio— =1+ 1/20,(B) + 1/12(C,(®) + C2(E)) + ...

1—e-yj

_where tdiE is the homogeneous part of degree i on the right hand

side.
Chern character

ch E = ZchiE

one verifies at once

td (E®F) tdE +dr (II1,8a)
ch(E®F) chE + ch F (1II,8b)

ch(E@®F) chE - ¢h F ‘ (II,8c)

The last equation (II,8c) holds because for line bundles Lk one

has
c1(Li®Lk) = c1(Li) + c,I(Lk) i (II1,84)

Of particular importance is the case that the complex bundle E arises

from complexification of a real bundle:
E'@C (11,9)

where E' is a real bundle. If E is of even dimension we can always

assume 6,29) that the splitting E = QBEi can be chosen such that the

classes yj are pairwise equal up to a sign:
(7 = 1... 1/2d41imE) (II1,10)

On can furthermore achieve that in terms of the kj classes xj the
Euler class, which we define for real orientable even dimensional

bundles is given by
e@) = T'x, (11,11)

The Pontrjagin classes are defined for real vector bundles E' by

p,(E') = (—1)ic21(E'ea:), hence (II,12b)




o+ xi) (II,12b)
For convenience we list some of the characteristic classes, which

appear in this work in terms of the formal splitting of the complexi-

fied tangent bundle T™® € of an 2r dimensional manifold:

ch (TM®C) (e® re™ ) = 2r + p(TM) + ... (11,13a)

e (TM) ~ (II,13b)

td (TMeT) (-x%) (11,13¢)
e ¥iy (1-e¥1) ’

e -
chA'M-chAM (I1,134)

+ - 2
chAM - chAM - (11,13e)

X.
1

+ p1(TM) + ... (11,13f)

1
tanh x, 3
i

At e P I '

!, Sinh Xi/2 24 pq(TM) + ... (11,139)
We now define the eguivariant Chern character chg for the complex
vector bundles. We only need it for bundles over fixed point sets
of the group element ge G, i.e. for bundles on the base
of which g acts trivially and only permutes inside the fibres. Again
we can apply a formal splitting 6) €3E and assume furthermore

that g acts on Ei simply by multlpllcatlon w1th et ]. Then one has

chy B = > o193+ v3 (IT,14)

with ¥y = 4 (E ).
In partlcular, in terms of the formal splitting of the complexi~
fied (co) tangent bundle and for zero dimensional fixed point sets

we have

i*en g (A_1Ngec) (1 - X303y (g - -x3-183,
(11,153a)

e-iaj)




iton g (TMeC)

(11,15b)

1* chg (AT () -&7 (M) (eXi/2+184/2 | 327164/ (I1,15¢)

- (eiei/Z _ e—iei/Z)

¥ nere means restrictiég=to the fixed point set MI.
; Finally we note that the Chern classes and, hence all the characte-
yistic classes (IT,13), which are polynomials in the Chern classes can
pe represented by curvature quantities in the fornﬁfQ of eq.(II,Z).

for an s x s matrix X we define the invariant polynomials Qj(x)

by

det (L+ & %) = 2 oot (11,16)
u i

For a complex vector bundle with fibre dimension s one introduces
a connection, whose curvature form F is an s X s Mmatrix of two-
forms ( on every vector bundle there are infinitely many connections) .

5)

Then one can prove
‘C (B . (F I1,1 7

independent of F. This formula allows the expression of characteris-—
tic classes by curvature gquantities, which was used so frequently in
our work. The only case not yet covered by eq. (II,17) is the Euler
class. For the Euler class of the tangent bundle of an even dimensional

orientable Riemannian manifold we have 25)

(-1 /2

™) = €. . R,
e (T™) 2n.“.n/Z @1 ige-e-ig 1112A

where Rik is the Riemannian curvature tensor of M.
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